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Abstract

One of the strengths of rough set theory is the fact that an unknown target concept can be
approximately characterized by existing knowledge structures in a knowledge base. Knowledge
structures in knowledge bases have two categories: complete and incomplete. In this paper,
through uniformly expressing these two kinds of knowledge structures, we first address four
operators on a knowledge base, which are adequate for generating new knowledge structures
through using known knowledge structures. Then, an axiom definition of knowledge granulation
in knowledge bases is presented, under which some existing knowledge granulations become
its special forms. Finally, we introduce the concept of a knowledge distance for calculating
the difference between two knowledge structures in the same knowledge base. Noting that the
knowledge distance satisfies the three properties of a distance space on all knowledge structures
induced by a given universe. These results will be very helpful for knowledge discovery from
knowledge bases and significant for establishing a framework of granular computing in knowledge
bases.
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1. Introduction

In 1982, Pawlak proposed a new set theory, so-called rough set theory [27, 29], which is
an effective tool for uncertainty management and uncertainty reasoning, and has a wide
variety of applications in artificial intelligence [6, 11, 12, 38, 41, 56]. In the rough set
theory, an attribute set partitions a universe into some knowledge granules or elemental
concepts, which is called a knowledge structure. Partition, granulation and approximation
are the methods widely used in human’s reasoning [53-55]. To date, rough set method-
ology has been applied in feature selection [44, 45], knowledge reduction [16, 21, 26, 39,
47, 51, 57], rule extraction [2, 8, 34, 46, 56, 58, 59], uncertainty reasoning [9, 28, 32] and
granular computing [1, 13, 22, 23, 31, 50-52, 54]. In the past ten years, some extensions
of Pawlak’s rough set model have been proposed in terms of various requirements [5, 25,
37, 42, 43, 49].

Knowledge bases and indiscernibility relations are two basic concepts in the rough set
theory and assessing the uncertainty of a knowledge structure in a knowledge base is an
important research issue. According to whether or not there missing data (null values),
knowledge bases are classified into two categories: complete and incomplete [14-17]. In
the rough set theory, there are two main approaches for measuring the uncertainty of a
knowledge structure in knowledge bases, which are information entropy [3, 4, 6, 10, 18,
24, 33, 40] and knowledge granulation [7, 19, 20, 33, 48].

For a given knowledge base, one of tasks in data mining and knowledge discovery
is to generate new knowledge through using known knowledge. However, in rough set
theory, the number of knowledge structures is finite in a given knowledge base, which
limits the ability of this knowledge base for approximating an unknown concept. This
leads to a task for acquiring more knowledge structures from a given knowledge base.
To date, the mechanism that how to generate new knowledge structures based on known
knowledge structures in knowledge bases have not been widely researched. Therefore, such
a mechanism is desirable and very helpful for rule extraction and knowledge discovery
from knowledge bases. In addition, knowledge granulation can be used to characterize
the degree of the coarseness of a knowledge structure. The finer the knowledge structure
is, the smaller the knowledge granulation is. In recent years, several various forms of
knowledge granulations have been given in [19, 20, 33]. From these existing knowledge
granulations, we find that they all satisfy several same constraints. In other words, there
may exist an uniform description for the existing knowledge granulations. In the view
of granular computing, an axiom definition of knowledge granulation may be needed
in order to measure the uncertainty of knowledge structures in a knowledge base. It is
deserved to point out that when the knowledge granulation (or information entropy) of
one knowledge structure is equal to that of the other knowledge structure, these two
knowledge structures have the same uncertainty. Nevertheless, it does not mean that
these two knowledge structures are equivalent each other. That is to say, information
entropy and knowledge granulation cannot characterize the difference between any two
knowledge structures in a given knowledge base. In fact, we often need to distinguish two
knowledge structures for uncertain data processing in some practical applications.

Based on the above these analyses, main objective of this study has three hands,
which are establishing a mathematical framework of granular computing in the con-
text of knowledge bases for acquiring more knowledge structures, constructing an axiom



definition of knowledge granulation and giving a knowledge distance among knowledge
structures for characterizing the difference among knowledge structures from a knowledge
base, respectively.

The rest of the paper is organized as follows. Some basic concepts in rough set theory
are briefly reviewed in Section 2. In Section 3, we establish four operators (), J, ! and —)
on a knowledge base and investigate their operation properties. Noting that (K, (), ) is
an assignment lattice and (K, (0, J,?) is a complemented lattice. In Section 4, an axiom
definition of knowledge granulation is constructed, under which several existing forms
of knowledge granulations become its special instances. In section 5, to characterize the
difference among knowledge structures in a knowledge base, the notion of a knowledge
distance is defined and some of its major properties are obtained. Finally, Section 6
concludes this paper with some remarks and discussions.

2. Preliminaries

In this section, we will review several basic concepts in rough set theory and knowledge
bases. Throughout this paper, we suppose that the universe U is a finite nonempty set.

Let U be a finite and non-empty set (called a universe) and R C U x U an equivalence
relation on U, then K = (U, R) is called an knowledge structure (also called an approx-
imation space) [27, 30]. The equivalence relation R partitions the set U into disjoint
subsets. This partition of the universe is called a quotient set induced by R, denoted by
U/R. It represents a very special type of similarity between elements of the universe. If
two elements z,y € U(x # y) belong to the same equivalence class, we say that = and y
are indistinguishable under the equivalence relation R, i.e., they are equal in R. We de-
note the equivalence class including x by Er(z). For our further development, we denote
a knowledge structure induced by U/R on U by K(R). In fact, the knowledge structure is
formally defined as K(R) = {Egr(z) | z € U}. Each equivalence class Er(x)(z € U) may
be viewed as a knowledge granule consisting of indistinguishable elements [35, 50]. The
granulation structure induced by an equivalence relation is a partition of the universe.

We say K = (U,R) is a knowledge base, where U is a finite and non-empty set and R
is a family of equivalence relations. Through using a given knowledge structure, one can
construct a rough set of any subset on the universe in the following definition.

Definition 1 [27] Let K = (U, R) be a knowledge base, X a subset of U and R € R an

equivalence relation, two sets are defined as

RX =|J{Er(z) € U/R|Eg(z) C X}, (1)
RX =| J{Enr(x) € U/R|Eg(x) N X # 0}, (2)

where RX and RX are called R-lower approzimation and R-upper approzimation with
respect to R, respectively. The order pair (RX, RX) is called a rough set of X with
respect to the equivalence relation R.

Let K = (U,R) be a knowledge base, if R(R € R) is an equivalence relation, then
one can get a cover of U by U/R = {Eg(x) | « € U}, i.e., for Vo € U, one has that
Egr(z) # @ and U,y Er(z) = U. Obviously, Vx,y € U(z # y), if z, y are partitioned
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into the same equivalence class, then Eg(x) = Egr(y), otherwise Eg(xz) N Er(y) = 0.
One can define a partial relation < as follows: P = @ (P,Q € R) if and only if, one has
Ep(z;) C Eg(x;) for any i € {1,2,---,|U|} [20, 36, 50]. Here, we denote that P is finer
than @ by P < Q. Obviously, (R, <) is a poset [50].

Another important binary relation is tolerance relation, which satisfies reflexivity and
symmetry. For example, in an incomplete information system S = (U, A), we define a
binary relation on U by SIM(A) = {(z,y) € U x U| Va € A,a(z) = a(y) or a(z) =
x or a(y) = *}, where x is a missing value. Clearly, STM(A) is a tolerance relation on
U. Similarly, let R C U x U denote a tolerance relation on U, the tolerance relation R
classifies the universe U into some subsets, i.e., a cover of U [14, 15]. This cover of the
universe is called a knowledge structure induced by R, denoted by U/R or K(R). If y
belongs to the tolerance class determined by x with respect to R, we say two elements x, y
are indistinguishable under the tolerance relation R, i.e., they are similar in R [14-17]. We
denote the tolerance class of x by Sg(x) [14, 15, 21]. Each tolerance class Sg(z)(z € R)
is viewed as a knowledge granule [20, 33, 36]. The granulation structure induced by a
tolerance relation is a cover of the universe. Conveniently, we say K = (U, R) is also a
knowledge base, where U is a finite and non-empty set and R is a family of tolerance
relations. The following definition gives a rough set of a subset of the universe based on
a tolerance relation.

Definition 2 [14,15] Let K = (U, R) be a knowledge base, X a subset of U and R € R
a tolerance relation , two sets are defined as

RX =|J{z € X|Sn(x) € X}, 3)

BX = |J{Sn(x)lr € X}, (4)

where RX and RX are called R-lower approzimation and R-upper approzimation with
respect to R, respectively. The order pair (RX, RX) is called a rough set of X with
respect to the tolerance relation R.

Let K = (U,R) be a knowledge base, if R(R € R) is a tolerance relation, then we
denote a cover of U by U/R = {Sg(z) | = € U}, i.e., V& € U, one has Sg(z) # @
and |,y Sr(z) = U. In [20], Liang et al. defined a partial relation < as follows: P <
Q(P,Q € R) if and only if, for every i € {1,2,---,|U|}, one has that Sp(z;) C So(z;).
Here, we also denote that P is finer than @ by P < Q. It is easy to see that (R, <) is
also a poset.

3. Operators on a knowledge base

In this section, by uniformly representing a complete knowledge structure and an
incomplete knowledge structure, we will propose four operators on a knowledge base and
discuss their fundamental algebra properties.

In [20], liang et al. established the relationship between a complete knowledge struc-
ture and an incomplete knowledge structure in the same knowledge base. Let K =
(U, R) be a knowledge structure, R a equivalence relation, U/R = {X1, Xa, -+, X},
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U/R = {Sr(z1),Sr(x2), -+, Sr(zjr))} and X; = {21, T2, -, T4, }, where | X;| = s;
and Y 1", s; = |U|, then

X; = Sr(zi1) = Sr(xi2) = -+ = Sr(wis,)- (5)

Through this mechanism, one can denote U/R = {Eg(z) | * € U} by using U/R =
{Sr(x) | x € U}. The mechanism gives uniform representations of knowledge structures
in a knowledge base. It is illustrated by the following example.

Example 1 Let U = {x1,x9, -, 26}, R a equivalence relation and U/R = {{x1,x2},
{z3,24,25},{x6}}. Then, U/R ={Sr(z) | x € U} can be represented equivalently as

U/R = {Sr(x1), Sr(z2), Sr(3), Sr(74), Sr(75), Sr(T6)}
= {{l‘l, 332}, {$1,1‘2}, {563,]}4, 335}, {$3,$4, .735}, {l‘3,$4,$5}, {1‘6}}

For convenience, we denote the knowledge structure induced by R on U as K(R) in
the rest of this paper, where R is an equivalence relation or a tolerance relation.

There are two types of operators to be considered in granular computing based on
rough set theory. One is operations among knowledge granules, the other is operations
among knowledge structures in a knowledge base. As operations among knowledge gran-
ules is based on classical sets, we still operate on them by N, U, — and ~, i.e., a new
knowledge granule can be generated by N, U, — and ~ on known knowledge granules.
However, operations among knowledge structures are performed through composing and
decomposing known knowledge structures in knowledge bases in essence. Therefore, the
operators on a knowledge base to generate new knowledge structures are very desirable.
In the following, we introduce four operators among knowledge structures in a knowledge
base.

Definition 3 Let K = (U, R) be a knowledge base and K (P), K(Q) € K two knowledge

structures. Four operators (), |J, — and ! on K are defined as
K(P)Y(K(Q) = {Spnq() | Spnq(z) = Sp(x) N Sq(x),z € U}, (6)
K(P)|JK(Q) = {Spuq(z) | Spug() = Sp(z) U Sq(z),z € U}, (7)
K(P) - K(Q) ={Sp_q(2) | Sp—q(x) =z U (Sp(x) = Sg(z)),x € U}, (8)
WK (P) ={Sp(z) | 1Sp(x) = 2U ~ Sp(x),x € U}, (9)

where ~ Sp(x) =U — Sp(x).

Here, we regard [, |, — and ? as four atomic formulas and finite connection on them are
all formulas. Through using these operators, one can obtain a new knowledge structure
via some known knowledge structures on U. Let K(U) denote the set of all knowledge
structures on U, then these four operators (), |J, — and ! on K(U) are close. As follows,
we investigate several fundamental algebra properties of these four operators.

Theorem 1 Let (), |J be two operators on K, then
(1) K(P)(NK(P) = K(P), K(P)JK(P) = K(P);
(2) K(P)NK(Q) = K(Q)NK(P), K(P)UK(Q) = K(Q)UK(P);
(3) K(P)N(K(P)UK(Q)) = K(P), K(P)U(K(P)NK(Q)) = K(P); and
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(4) (K(P)YNK(Q))NK(R) = K(P)((K(Q)K(R)),
(K(P)UK(Q)UK(R) = K(P)U(K(Q)UK(R)).

Proof. They are straightforward from definition 3.

Theorem 2 Let (), U and be three operators on K, then
(1) WK (P)) = K(P),
(2) K(P)MMK(P)={xz;|xz; €U},
(3) AK(P)NK(Q)) =K (P)UIK(Q), and
(4) AK(P)UK(Q)) =K (P)NU(Q).
Proof. For any z; € U, K(P),K(Q) € K, Sp(z;) is the tolerance class induced by z;
in K(P).
(1) From Definition 3, one can easily see that (Sp(x;)) = a;U ~ Sp(z;) and
WUSp(x;))) = x; U (x; U Sp(x;)) = Sp(x;). Therefore, WK (P)) = K(P).
2) From Definition 3, it follows that Sp(z;) N WSp(x;)) = z;, Yo; € U. Then,
PN~ K(P)={x;|x; € U}.
3) According to Definition 3, for Vz,; € U, it follows that
(Sp(i) N Sq(x)) = x:U ~ (Sp(xi) N Sq(wi))
= Z; U (N Sp(xi)U ~ SQ(QEZ))
= (@U ~ Sp(xi)) U (z;U ~ Sg(x;))
= ZSP(I'Z') @] ZSQ(Z’i).
Therefore, one can get that (K (P) [ K(Q)) =K (P) 1K (Q).
(4) According to Definition 3, for Va; € U, one has that
Z(Sp(.rl) U SQ(l‘l)) = in ~ (Sp(xl) U SQ(Z‘I))
=xz; U (~ Sp(x;)N ~ So(z;))
= (zU ~ Sp(xi)) N (z:U ~ Sq(x;))
= WSp(zi) NWSq(xi).
Hence, one can obtain that (K (P)|J K (Q)) =K (P)(MK(Q). O

(
(
K(
(
l

Theorem 2 shows that (1) is reflexive, (2) is complementary, and (3) and (4) are two
dual principles.

Theorem 3 Let (), |J, — and ! be operators on K, then
(1) K(P) — K(Q) = K(P)MK(Q),
(2) K(P) - K(Q) = K(P) — (K(P) K(Q)),
(3) K(P)((K(Q) — K(R)) = (K(P)NK(Q)) — (K(P)K(R)), and
(4) (K(P) — K(Q))UK(Q) = K(P).
Proof. They are straightforward from definition 3.

The above three theorems are illustrated by the following example.

Example 2 Let U = {x1,29,x3,24}, K(P) = {{x1,22}, {21, 22}, {3,24}, {z3, 24}}
and K(Q) = {{z1, 24}, {2, 23}, {x2, 23,24}, {24} }, one can acquire some new knowledge
structures through using K(P) and K(Q).

By computing, some new knowledge structures constructed are listed as follows.

WK (P) = {{z1, 23, 24}, {x2, 3, 24}, {71, T2, 23}, {71, 22, 24} },

WK(Q) = {{z1, w2, x3}, {z1, w2, 24}, {21, 23}, {21, 02, 23, 04} },

K(P) ﬂ K(Q) = {{1‘1}, {xQ}v {1‘3, 'r4}7 {324}},

K(P) U K(Q) = {{xh L2, '7:4}7 {1‘1, L2, ‘T3}7 {IQv 3, .CE4}, {Ila I4}}:
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ZK(P)H K(Q) = {{1'1,553},{1’2,1’4},{%171'3}, {x1,$2,1'4}},

WK (P)UWK(Q) = {{z1, 22,3, 24}, {x1, 2, 23, 24 }, {21, 2, 23}, {21, T2, T3,24}},
K(P) - K(Q) = {{z1, 22}, {z1, 22}, {23}, {z3, 24} } and

ZK(P) — ZK(Q) = {{$1,$4}, {.132,.233}, {xg,xg}, {1‘4}} J

Suppose K = (U, R) be a knowledge base, P,Q € R, and K(P), K(Q) € K be two
knowledge structures induced by P, @, respectively. To investigate properties of the
operations among knowledge structures on a knowledge base, we will denote K(P) =<

K(Q)ift P < Q.

Theorem 4 Let (), U and 1 be three operators on K, the following properties hold:
(1) If K(P) < K(Q), then UK (Q) < 1K(P);
(2) K(P)NK(Q) =< K(P), K(P)NK(Q) < K(Q); and
(9) K(P)= K(P)UK(Q), K(Q) = K(P)UK(Q).
Proof. The terms (2) and (3) can be easily proved from (6) and (7) in Definition 3,
respectively.
From Definition 3, one can obtain that
K(P) X K(Q) = for Vz; € U, Sp(x;) C Sg(z;)
= for Va; € U, ~ Sg(z;) C~ Sp(x;)
= for Va; € U, ;U ~ Sg(z;) C ;U ~ Sp(z;)
= 1K(Q) 21K(P).
Hence, the term (1) in this theorem holds. O

Definition 4 [57] Let (L, <) be a poset, if there exist two operators A,V on L : L*> — L
such that

(1) anb=bAa,aVb=0bVa,

(2) (anb)Aec=an(bAc), (avb)Vec=aV (bVc), and

(3) anb=b<=b<a,aVb=b<= a<b.
Then we call L is a lattice.

Furthermore, if

(4) an(dVe)=(anb)V(aAc),aV(bAc)=(aVDd)A(aVc).
Then we call L is an assignment lattice.

We call L a complemented lattice, if for any a € L, there exists d' such that (a/)/ =a
and a < b < b < a . If there exist 0,1 € L such that 0 < a <1 for any a € L, then we
call 0 and 1 its minimal element and mazimal element, respectively.

Theorem 5 (K,J,()) is an assignment lattice.
Proof. At first, we prove (K, <) is a lattice.
From (2) and (4) in Theorem 1, the terms (1) and (2) in Definition 4 are obvious.
Let K(P),K(Q),K(R) € K be three knowledge structures, where K(P) = {Sp(z) |
reU}, K(Q)={Sq(z) |z € U} and K(R) = {Sg(z) | x € U}. one can obtain that
K(P)HK(Q) = K(P) < for Vx; € U, SPQQ(.Ti) = SP(LL'Z‘), 1 < |U|
< Sp(xl) n SQ(.’L‘J = Sp(l‘l)
<= Sp(z;) C Sq(z;), for Vz; € U
— K(P) = K(Q).
According to the dual principle a in lattice, one can easily get that K(P)|J K(Q) =
K(P) <= K(Q) = K(P). Thus, the term (3) in definition 4 holds.
In addition, for K(P), K(Q),K(R) € K, we know that
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Sp(@i) N (Sq(xi) USk(x:)) = (Sp(z:i) N (Sq(xi)) U (Sp(xi) N Sr(w:)), Vai(i < |UJ).
Hence, K(P)N(K(Q)UK(R)) = (K(P)NK(Q))U(K(P) NK(R)). From the dual
principle in a lattice, one can get that

K(P)UE(Q)NK(R) = (K(P)UK(Q)) NK(P)UK(R)).

Therefore, (K,|J,() is an assignment lattice. O

Theorem 6 Let K(U) be the set of all knowledge structures on U, then (K(U),U,N,)
is a complemented lattice.

Proof. From Theorem 5, it is obvious that (K(U),J,(),?) is an assignment lattice.
Furthermore, from (1) in Theorem 2, one can get that QK (P)) = K(P). In addition,
from (3) in Definition 3, one has that

K(P) X K(Q) < for Vz; € U, Sp(z;) C Sq(z;)

< for Va; € U, ~ Sp(x;) O~ Sg(x;)
< for Va; € U, z;U ~ Sp(x;) 2 x;U ~ Sg(z;)
<= for VYa; € U, 1Sp(z;) 2 1Sq(z;)
— K(Q) < K(P).
Hence, (K(U),,N,?) is a complemented lattice. O

In a complemented lattice (K(U),J,(,?), the knowledge structure K (w) = {x; | ; €
U} and the knowledge structure K () = {Sp(x;) | Sp(z;) = U,z; € U} are two special
knowledge structures, where K (w) is the discrete classification and K () is the indiscrete
classification. For any K(P) € K(U), one has that K(w) = K(P) < K(¢). Then, we
can call K(w) and K(d) the minimal element and the maximal element on the lattice
(K(U),U,N, ), respectively.

Remark. One of the strengths of rough set theory is the fact that an unknown target
concept can be characterized approximately by existing knowledge structures in a knowl-
edge base. From the above analyses, it is shown that these four operators (|J, (), ¢ and
—) can be applied to generate new knowledge structures on a knowledge base. That is
to say, one can use these new knowledge structures to approximate an unknown target.
Therefore, this mechanism may be used to rule extraction and knowledge discovery from
knowledge bases.

4. Knowledge granulation

As we know, knowledge granulation, in a broad sense, is the average measure of knowl-
edge granules of a knowledge structure in a given knowledge base. It can be used to
characterize the classification ability of a given knowledge structure [19, 20, 33, 50, 55].

In recent years, some researchers have discussed and investigated that how to measure
the classification ability of a knowledge structure and what is the essence of knowledge
granulation in knowledge bases. Generally, the partial relation “<” are concerned for
investigating various definitions of knowledge granulation. However, the partial relation
“<” may be not strict in terms of characterizing the properties of knowledge granula-
tion in knowledge bases. In order to discover the essence of knowledge granulation, we
introduce a new binary relation “<” on K(U) in the following.

Let K = (U,R) be a knowledge base, P,Q € R, K(P) = {Sp(z) | = € U} and
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K(Q) = {Sq(z) | © € U}. We define a binary relation < as follows: K(P)<K(Q)
(P,Q € R) if and only if, for K(P) = {Sp(x1), Sp(x2), ---, Sp(xy|)}, there exists a
sequence K (Q) of K(Q), where K'(Q) = {Sq(x}), SQ(x/Z),--~7SQ(:E]U|)}, such that
[Sp ()| < |So(a3)l, i < U

The following theorem gives some properties of the binary relation <.

Theorem 7 The following properties hold
(1) < is reflexive,
(2) < is transitive,
(3) K(P)NK(QK(P), K(P)NK(Q)<K(Q), and
(4) K(P)<K(P)UK(Q), K(Q<K(P)UK(Q).

Proof. They are straightforward.

Here, we say that K (P) is granulation finer than K (Q) if K (P)<K(Q). If K(P)<K(Q)
and there exists Sg(r;) € K (Q) such that [Sp(z;)| < [So(x;)|, we say that K(Q)
is strictly granulation coarser than K(P) (or K(P) is strictly granulation finer than
K(Q)), denoted by K(P) < K(Q).

Theorem 8 The partial relation < is a special instance of the relation <.

Proof. Let K = (U,R) be a knowledge base, P,Q € R, K(P) = {Sp(z) |z € U} and
K(Q) ={Sg(z) | z € U}. If K(P) < K(Q), one can obtain that Sp(z;) C Sq(z;) for
any x; € U, i.e., |Sp(x;)| < |Sq(x;)|. That is to say, one can find an array of all tolerance
classes in K(Q) such that K(P)<K(Q). Therefore, the partial relation < is a special
instance of the relation <. O

Definition 5 Let K = (U, R) be a knowledge base, if for VP € R, there is a real number
G(P) with the following properties:

(1) G(P) > 0; (Non-negative)

(2) for VP,Q € R, let K(P) = {Sp(x;) | z; € U} and K(Q) = {Sq(z;) | z; € U}, if
there is a bijective mapping function f : K(P) — K(Q) such that |Sp(x;)| = |f(Sp(zi))],
then G(P) = G(Q); (Invariability)

(3) if VP,Q € R and K(P) < K(Q), then G(P) < G(Q). (Monotonicity)

Then G is called a knowledge granulation on K.

As a result of the above discussions, we come to the following three theorems.

Theorem 9 (Extremum) Let K = (U, R) be a knowledge base and VK (P) € K, then
G(P) achieves its minimum value if U/P = w and G(P) achieves its mazimum value if
U/P =6, where w denotes the identity relation and § denotes the universal relation.

Proof. Let K(w) = {S,(z:) | Sw(zi) = x4,z € U} and K(5) = {Ss(x;) | Ss(x;) =
U,z; € U}. Hence, for VR € R, K(R) = {Sg(z;) | z; € U}, one has that z; C Sg(x;) and
1 < |Sgr(z;)], i.e.,, K(w)<K(R), and Sg(z;) C U and |Sg(x;)| < |U|, i.e., K(R)<K(9).
Therefore, K(w) < K(R) < K(§), VR € R. From (3) in Definition 5, one can get
that G(w) < G(R) < G(9), i.e., G(P) achieves its minimum value if U/P = w (identity
relation) and G(P) achieves its maximum value if U/P = § (universal relation). O



From Definition 5 and Theorem 9, it is easy to see that the size of G(P) only depends
on the cardinality of every class in the knowledge structure K (P). The minimum value of
G(P) can be obtained when P = w and the maximum value of G(P) can be approached
when P = 4.

Theorem 10 Let K = (U, R) be a knowledge base and K(P),K(Q) two knowledge
structures on K, then G(P) < G(Q) if K(P) = K(Q).

Proof. From the definition of <, one can see that K(P) < K(Q) (P,Q € R) if and
only if Sp(z;) C Sq(x;) for every i € {1,2,---,|U|}. Hence, for every Sp(z;) € K(P),
there exists Sg(z;) € K(Q) such that |Sp(z;)| < [Sq(z;)|, i-e., K(P)<K(Q). Therefore,
one can easily obtain that G(P) < G(Q) from (3) in Definition 5. O

Theorem 11 The following properties hold:
(1) G(P) =G P);
(2) G(PNQ) <G(P), G(PNQ) < G(Q);
(3) G(P) < G(PUQ), G(Q) < G(PUQ); and
(4) G(PMP) = G(w), G(PJWP) = G(9).

Proof. They are straightforward.

In [19, 20, 33], several different kinds of knowledge granulations have been given, in
the following, we prove that these knowledge granulations are all special forms under
Definition 6.

Definition 6 [19] Let K = (U, R) be a knowledge base, R € R and U/R = {X1, Xa,- -,
Xm}. Knowledge granulation of the knowledge structure K(R) is defined as

1 1
GK(R) = F Z | X542, ] <GK(R) <1, (10)
=1

where Y i~ | | X;|? is the cardinality of the equivalence relation |J;~,(X; x X;) determined
by R.

Theorem 12 GK in Definition 6 is a knowledge granulation under Definition 5.

Proof. (1) Obviously, it is non-negative.

(2) Let P, Q S R, K(P) = {SP(Il), SP(IEQ), tety SP(I|U‘)} and K(Q) = {SQ(JJl), SQ(IQ),
-+, Sq(xy|)}. Supposing that there be a bijective mapping function f : K(P) — K(Q)
such that [Sp(x;)| = |f(Sq(x:))| and f(Sp(x:)) = Sq(zj,), ji € {1,2,---,|U]), then one

has that
U|

GK(P) = |Ul\2 ;|Xi|2 = \L}F '71|SP(.'177;)|
, L
= R ;‘SQ(@EH = R ‘_1|SQ(xi)|
= GK(Q).

—~—

(3) Let P,Q € R with K(P) < K(Q), K(P) = {Sp(21),Sp(z2), -, Sp(zy|)} and
K(Q) = {Sq(z1), Sq(x2),---,Sq(xy|)}, then there exists a sequence K’ (Q) of K(Q),
where K'(Q) = {SQ(J:;),SQ(x,Q),---,SQ(x]Ul)}, such that |[Sp(z;)| < |So(z;)|. Hence,

10



one has that

Therefore, GK in Definition 6 is a knowledge granulation under Definition 5. U

Definition 7 [20] Let K = (U, R) be a knowledge base, P € R and K(P) = {Sp(x1),
Sp(x2),---,Sp(x)y))}. Knowledge granulation of the knowledge structure K(P) is defined
as

G(P) = LZ |SP(331‘)|, (11)

where W is the probability of tolerance class Sp(x;) within the universe U.

If K(P) = K(w), G(P) achieves its minimum value G(P) = ‘% it K(P) = K(9),
G(P) achieves its maximum value G(P) = 1. It is obvious that %‘ <G(P)<1.
Theorem 13 G in Definition 7 is a knowledge granulation under Definition 5.

Proof. (1) Obviously, it is non-negative.

(2) Let P,Q € R, K(P) = {Sp(21),Sp(x2), -+, Sp(xjy))} and K(Q) = {Sq(z1), Sq(2),

-, 8q ()} Supposing that there be a bijective mapping function f : K(P) — K(Q)
such that [Sp(z)| = | f(Sq(i))] and £(Sp(z:)) = Sq(z3,), ji € {1, -, [U]), then one
has that

U]
G(P) = ‘Ullz ] |SP(:EZ)|
|_U\ U]
Q)

(3) Let P,Q € R wit K(P) < K(Q), K(P) = {Sp(z1),Sp(z2),- Sp(x|U|)} and
K(Q) = {SQ(xl),S’Q(xg) SQ(.T|U‘)} then there exists a sequence K (Q) of K(Q),
where K'(Q) = {Sq(z}), Sq(z5), - 7SQ(aclUl)}, such that|Sp(z;)| < |So(x;)|. Hence,
one has that

.’:T‘

U]
G(P) = X [5p(w:)
G v
<\U|2;\5Q( )l =1 Z:l Q)]
=G(Q).
Thus, G in Definition 7 is a knowledge granulation under Definition 5. 0
Theorem 14 Let K = (U, R) be a knowledge base, P € R, K(P) = {Sp(x1), Sp(z2),
+Sp(xy))} and 1P the relation induced by UK (P), then G(P) + GQP) =1+ ﬁ

Proof. From Definition 7, it follows that

11



S
S

Sp(x; Sp(z;
G(P)+G(P) = iy 3 B + iy & B
U] |U|
— 1 [Sp(za)| | 1 |z U~Sp ()]
S@IX o T 1l
U]
- 1 [U|+1
=0T 2 T
=1 1
That is G(P)+ GQP) =1 +ﬁ_ g

Theorem 15 Let K(U) be the set of all knowledge structures on U and K(P), K(Q) €
K(U) two knowledge structures, then G(P) — G(Q) = GQ(Q) — GQP).

Proof. Obviously, we have that

U] U]
GQP) — GQ) = o LISl _ 1 > LU So(=)

So(xz; Sp(x;
:%Z'Q( SIBEAE)

= *(G(P) -G(Q)),
ie., G(P) - G(Q) = GOQ) — GQP). O

Definition 8 [33] Let K = (U, R) be a knowledge base, R € R and U/R = {X1, Xo,- -,
Xm}. Combination granulation of knowledge structure K(R) is defined as

m |

il O (12)

CaR) =3 5 e

where 0 < CG(R) < 1, |—U‘| represents the probability of equivalence class X; within the
C2
universe U, and Cl il denotes the probability of pairs of elements on equivalence class
i
X, within the whole pairs of elements on the universe U.

Theorem 16 CG in Definition 8 is a knowledge granulation under Definition 5.

Proof. (1) Obviously, it is non-negative.

(2) Let P,Q € R, K(P) = {Sp(x1),Sp(x2), -+, Sp(zy))} and K(Q) = {Sq(z1),
Sq(x2), -, Sq(zy|)}. Supposing that there be a bijective mapping function f : K(P) —
K(Q) such that |Sp(zi)| = |f(Sq(x:))| and f(Sp(xi)) = Sq(x;,), ji € {1,2,---,|U]).
Then,

m |U| 2
_ \P | _ N~ 1Sp(ui) Cisp ol
CG(P) = Y. Bl Ons _ 57 ISntu)l Cisp
i=1 \UI i=1 U]
U U 2
Yl |SQ(“J )l ‘SQ(“.U)‘ Yl [Sq(uqi)] C\SQ(’%‘)\

2 2
C\U\ i=1 Ul C\U\

CQ

=
72 Ul — 0a(Q).
WP <

\U\

(3) Let P,Q € R with P < Q, K(P) = {Sp(u1),Sp(uz2),---,Sp(ujy)} and K(Q)
= {Sq(u1), Sq(uz),---,Sq(uy|)}, then for arbitrary SP(U,)(Z < |U|), there exists a

12



sequence {Sq(u;), S (us), -+, Sq(uy)} such that [Sp(u)| < |Sq(u)|(i =1,2,---,|U]).
Therefore,

o2 U]

m
CG(P) = Z m _ - S| Cspni
- U
i=1 i=1 U1 O
\UI c?
Q(u) \SQ(M ) E Sq(uq) \SQ(u7)\
U] C? U] C?

U]

c?
?;" = CGQ).

Ul

H'M: Mi M

Hence, C'G in Definition 8 is a knowledge granulation under Definition 5. d
Definition 9 [33] Let K = (U, R) be a knowledge base, P € R, K(P) = {Sp(z1),
Sp(wa),- -+, Sp(x)y))}. Combination granulation of knowledge structure K (P) is defined
by
Ul
L Dseel
CG(P) = — Pf. (13)
U] ; Cl

C2
Where % denotes the probability of pairs of elements on tolerance class Sp(x;)
Ul

within the whole pairs of elements on the universe U.

Theorem 17 CG in Definition 9 is a knowledge granulation under Definition 5.

proof. (1) Obviously, it is non-negative.

(2) Let P,Q € R, K(P) = {Sp(z1),Sp(22),---,Sp(z|y)} and K(Q) = {Sq(x1),
Sq(x2), -+, Sq(zy|)}. Supposing that there be a bijective mapping function f : K(P) —
K(Q) such that |Sp(z;)| = [f(Sq(xi))| and f(Sp(x:)) = Sqo(x;,), ji € {1,2,---,|U]), one
has that

U] o2 | c2

_ 1 Spup)l _ 1 [SqQ(uj;)l
CG(P) = 1y o = e
i=1 Ul i=1 keg!
U
3 YU e
Ul i=1 C\U\
= CG(Q).

(3) Let P,Q € R with P < Q, K(P) = {Sp(u1),Sp(uz),---,Sp(ujy|)} and K(Q)
= {Sq(u1), Sq(uz),---,Sq(ujy|)}, then for any Sp(u;)(i < |UJ), there exists a sequence
[Sq(u)), Sq(sy), -+ Sq(uly)} such that [Sp(ui)| < |Squ)|(i = 1,2, -, [7]). There-
fore,

CG(P) = L le:‘ Clspupl
CZ

! |1':1 Ul

< % |2sQ<u§>\ 1 i (er .
Ul & Oy Ul & Oy
=CG(Q)
Thus, CG in Definition 9 is a knowledge granulation under Definition 5. O

Through using the axiom definition of knowledge granulation, one can construct some
new knowledge granulations according to various opinions. In the following, we show the
significance of the axiom definition of knowledge granulation by constructing a new form
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of knowledge granulation in a given knowledge base.

Definition 10 Let K = (U, R) be a knowledge base, P € R and K(P) = {Sp(x1),
Sp(x2),---,Sp(xy))}. Knowledge granulation of the knowledge structure K (P) is defined
as
s
GE(P) = m Zlogz |Sp(@i)l. (14)
i=1

If K(P) = K(w), G(P) achieves its minimum value G(P) = 0; if K(P) = K(9), G(P)
achieves its maximum value G(P) = log, |U|. It is obvious that 0 < GE(P) < log, |U].

Theorem 18 GFE in Definition 10 is a knowledge granulation under Definition 5.

Proof. (1) Obviously, it is non-negative.

(2) Let P,Q € R, K(P) = {Sp(x1),Sp(x2),---,Sp(z)y)} and K(Q) = {Sq(zr1),
Sq(x2), -+, Sq(zy|)}. Supposing that there be a bijective mapping function f : K(P) —
K(Q) such that [Sp(z)| = [f(Sq(x:))| and f(Sp(xi)) = So(x;,), ji € {1,2,---,[U]).

Hence,

U]
GE(P) = by 3. log; |Sp (x|
L U] L U]
= 1 X oz Sa(w;)| = iy S logs |Sa(e)
— GE(Q)

(3) Let P,Q € R_With K(.P) < K(Q), K(P) = {Sp(x1),Sp(x2),---,Sp(zy|)} and
K(Q) = {Sq(z1), Sq(x2),---,Sq(xy|)}, then there exists a sequence K'(Q) of K(Q),
where K'(Q) = {Sq(z}), So(z), - - -,SQ(w]Ul)}, such that |Sp(x;)| < |So(x;)|. Hence,

U] 1

, \
< m leogz 1S ()| = ;ng 1Sq ()]
= GE(Q).
Therefore, GE in Definition 10 is a knowledge granulation under Definition 5. g

5. Knowledge distance

In rough set theory, information entropy and knowledge granulation are two main
approaches to measuring the uncertainty of a knowledge structure in knowledge bases. If
the knowledge granulation (or information entropy) of one knowledge structure is equal
to that of the other knowledge structure, we say that these two knowledge structures have
the same uncertainty. However, it does not mean that these two knowledge structures are
equivalent each other. In other words, information entropy and knowledge granulation
cannot characterize the difference between any two knowledge structures in a knowledge
base. In this section, we introduce a notion of knowledge distance to differentiate two
given knowledge structures and investigate some of its important properties.
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In [50], Yao presented the concept of set closeness between two classical sets to measure
the degree of the sameness between sets. Let A and B be two finite sets, the measure is
defined by H(A, B) = }ﬁgg} (AU B # 0) [50]. Obviously, the formula 1 — H(A, B) =

1— Iﬁggl (AUB # ) can characterize the difference between two finite classical sets. To

characterize the relationship among knowledge structures, based on the view of set close-
ness, we introduce an approach called knowledge distance for measuring the difference
between two knowledge structures on the same knowledge base in the following.

Definition 11 Let K = (U, R) be a knowledge base, P,Q € R, K(P) = {Sp(x;) | z; €
U} and K(Q) = {Sg(x;) | ; € U}. Knowledge distance between K(P) and K(Q) is
defined as

U]

D(K(P), |U| Z |SP x; GU9|SQ($Z)I7 (15)

where |Sp(e:) @ So(w:)| = [Sp(x:) U Sq(a:)] — |Sp(e:) N So ().

The knowledge distance represents the measure of difference between two knowledge
structures in the same knowledge base. Obviously, 0 < D(K(P),K(Q)) <1 — ﬁ
Theorem 19 (Extremum) Let K(U, R) be a knowledge base, K(P), K(Q) two knowl-
edge structures on K. Then, D(K (P), K(Q)) achieves its minimum value D(K (P), K(Q)) =
0 iff K(P) = K(Q) and D(K(P),K(Q)) achieves its mazimum value D(K(P), K(Q)) =
1— g iff K(P) =K(Q) (& K(Q) = UK(P)).

Proof. For VP,Q € R, one has that 1 < |Sp(z;) N Sp(z;)| < |U| and 1 < |Sp(z;) U
Sp(xl)\ < |U|. Therefore, VP,Q € R, 0 < [Sp(x;) D Sq(z;)| < |U| — 1, ie, 0 <

) Sp@) P Se@dl - 1

\Ul U] i
If K(P)=K(Q), thenK( YNK(Q)=K(P) andK( YUK(Q )zK(P).Hence,
DK(P). K(Q)) = iy DIy B @Relell - oy 37| g,

ie., D(K(P ) K(Q)) achieves its minimum value 0 if and only if K( )= K(Q).
IfK( ) =1K(Q), henK( JNK(Q) =K(w )andK( YUK(Q) = K(J). Hence,

D(K(P) ( ) = gy SI) e el = gl Wil =1 - gy
ie.,, D(K(P), K(Q)) achieves its maximum value 1 — ﬁ if and only if K(P) =1K(Q)
or K(Q) = K (P). 0

In particular, one has that D(K(w), K(9)) =1 — |—[1]‘ In fact, we have that K(w) =
WK (9) and K (0) = 1K (w).

Let K(P) = {Sp(z;) | z; € U}, K(Q) = {Sg(x;) | #; € U} and K(R) = {Sgr(x;) |
x; € U} be three knowledge structures on U. For Sp(z;) € K(P), Sq(z;) € K(Q) and
Sr(z;) € K(Q), z; € U, we note Spugur(z;) = Sp(z;) U Sg(x;) U Sg(x;). One can
give a certain array of all elements in Spugur(z;) and denote the array by Array =
(i), Ty STl oo e ). Therefore, one can represent Sp(x;) by the following array
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1 if T, € Sp(l‘i),
Tiy, =
0 else,

for x;, € Array, k < |Spugur(i)|.

Similarly, the expressions of Sg(z;) and Sgr(z;) can also be obtained. In fact, the
expression of Array is various, so the expression of Sp(x;), Sg(x;) and Sgr(z;) should
also be changed according to Array, respectively. This kind of representations about the
tolerance classes is illustrated by the following example.

Example 3 Consider three tolerance classes Sp(x;) = {1,2,3}, So(z;) = {2,3,4} and
Sr(x;) = {3,4,5}. Compute the expressions of Sp(x;), Sq(x;) and Sgr(x;) through using
the above method.

By computing, one has that Spugur(z:) = Sp(zi) U Sg(zi) U Sgr(z;) ={1,2,3,4,5}.
Assume that Array = (1,2,3,4,5).

For Sp(z;), one can obtain that Sp(x;) = (1,1,1,0,0). Similarly, it follows that
So(z;) =(0,1,1,1,0) and Sg(z;) = (0,0,1,1,1).

Let A, B, C be three classical sets, Array = (t1,t2, -, tjauBuc)), t: Nt; = O, t;,t; €
AU BUC. Hence, from the above expression method, one can get the array expressions
of A, B and C as follows

!

A ={ay,az,---,a14uBuC|},
’

B = {b1,ba,---,baupuc|} and
/

C = {Cla C2, "y ClAUBUCI}'

Based on these denotations, we then measure the distance between two classical sets by
the following formula

|AUBUC|
d(A, B) = Z (ai + bi),ai S A/,bi S B/. (16)
i=1
|AUBUC] |AUBUC]
Analogously, one has that d(B,C) = > (b;+¢)and d(4,C)= > (a;+c).
i=1 i=1

From these denotations, we come to the following lemma.

Lemma 1 Let A, B, C be three classical sets, then d(A,B) + d(B,C) > d(A,C),
d(A, B) + d(A,C) > d(B,C) and d(A,C) + d(B,C) > d(A, B).

Proof. Suppose that A" = {a1,a2,---,ajauBUc)|}, B = {b1,b2,- -+, bauBuc)} and
C = {e1, ¢, -, rauBucy}- From (a; + b;) + (b; + ¢;) > (a; + ¢;), it follows that

|AUBUC| |AUBUC]
d(A,B)+d(B,C)= Y (a;+b)+ (b +ci)
i=1 i=1
[AUBUC|
= > ((ai+b)+bi+a))
=1
[AUBUC|
> Y (as+e)=d(B,C).
=1
Similarly, d(A, B) + d(A,C) > d(B,C) and d(A,C) + d(B,C) > d(A, B). O
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Theorem 20 Let K(U) be the set of all knowledge structures induced by U, then (K(U), D)
is a distance space.

Proof. (1) One can obtain easily that D(K(P), K(Q)) > 0 from Definition 7.

(2) It is obvious that D(K(P), K(Q)) = D(K(Q), K(P)).

(3) For the proof of the triangle inequality principle, one only need to prove that
D(K(P), K(Q))+D(K(P), K(R)) = D(K(Q), K(R)), D(K(R), K(Q))+D(K(P), K(R))
> D(K(Q), K(P)) and D(K(R), K(Q)) + D(K(P), K(Q)) > D(K(P), K(R)) for any
K(P), K(Q), K(R) € K(U).

From lemma 1, we know that for z; € U, D(Sp(z;), S¢q(z:)) + D(Sp(x;), Sr(zi)) >
D(Sq(wi), Sr(zi)), D(Sp(xi), Sq(x:)) + D(Sq(x:), Sr(xi)) = D(Sp(xi), Sr(xi)) and
D(Sp(x;),Sr(x;)) + D(Sq(x;), Sr(z:)) > D(Sp(z;), So(x;)). Hence,

D(K(P), K(Q)) + D(K(P), K(R))

Se(r) @ Sa@)l . % 1Sp (@) @) Sr(w1)]
Z

S
M=

— =

Ul U]

=hl

U\_
d(Sp(z;),Sq(x;)) d(S (11 S (x4))
P |U‘ Q Z P R

|
s~
ng

— =

1(d(Sp(x:), Sq(x)) + d(Sp(x:), Sr(wi)))

|
-
SiME]
o~

d(Sq(zi),Sr(zi))
U]

\ v
-
IMsSiM

)

Il
-

(K(Q), K(R)).

Slmllarly, one can obtain that D(K(R),K(Q)) + D(K(P),K(R)) > D(K(Q),K(P)),
D(K(R), K(Q)) + D(K(P), K(Q)) = D(K(R), K(P)).
Therefore, (K(U), D) is a distance space. O

The above theorem is explained by the following example.

Example 4 Assume that K = {x1, x2, 23, 24,25} and K(P), K(Q), K(R) be three knowl-

edge structures induced by equivalence relations P, Q, R on K, where K (P) = {{x1, x2,z3},

{!E1, L2, x3}7 {xh L2, 1‘3}, {.%'4, x5}7 {x47 .%5}}, K(Q) = {{xlr .%'2}, {xlﬂ .%'2}7 {{,Cd}, {:L‘4, ;C5}, {‘T4v 115}}
and K(R) = {{z1, z2}, {z1, x5}, {zs}, {za}, {z5}}.

By computing their knowledge distances, one can obtain that

D(K(P),K(Q)) = %[;(1 +1+2+0+ 0)] 25,

D(K(P),K(R)) = §[§(1+1+2+1+1)} ? and

D(K(Q), K(R)) = ¢[z (0+2+0+1+1)] = o

Hence, one has that 24 + 65 = Lg > o5, i —|— is = % 2—65 It is easy to see that
D(K(P),K(Q))+D(K(P),K(R)) = D(K (Q) K(R)), D(K(P),K(Q))+D(K(Q), K(R))
> D(K(P),K(R)) and D(K(Q), K(R)) + D(K(P), K(R)) = D(K(P), K(Q)). O

For further development, we give the following Lemma 2.

Lemma 2 Let A, B, C be three classical sets with A C B C C or A D B D C, then
d(A,B)+d(B,C) =d(A,C).

Proof. Suppose that A, = {a17a27"',a\AUBUC\}’ B/ = {blaan"'7b|AUBUC|} and
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C = {c1,¢2,-++,¢lauBuc|}- Let A C B C C, thus AUBUC = Aand BUC = B.
Therefore,
|AUBUC)| |AUBUC)|

=1 i=
=(JAUB|—-|ANnB|)+(|BUC|—-|BNC|)
|(|f|1\ —‘ |f|3|) + (B[ = 1C])
|AUBUC\

21 (ai +c;)

= d(A,0).

For A O B D C, similarly, one can draw the same conclusion. O
By Definition 11 and Lemma 2, one can obtain the following theorem.

Theorem 21 Let K = (U, R) be a knowledge base, P, Q, R € R and K(P) < K(Q) <
K(R) or K(R) = K(Q) = K(P). Then, D(K(P), K(R)) = D(K(P), K(Q))+D(K(Q), K(R)).

Proof. For K(P), K(Q), K(R) € K and K(P) < K(Q) =< K(R), one can easily get
that Sp(z;) C Sq(z:) € Sr(zi), x; € U. Hence, it follows from Lemma 2 that
D(K(P), K(Q)) + D(K(Q),

+

K(R))

1% 1%
1 ISe (z:) @D So (=) 1 1Sq(z:) @D Sr(w:)
= & TR 4 g L e

U] U]
_ 1 d(Sp(xi),Sq(x:)) 1 a(s (L)S (%))
=10 Z:l P T Q 7 Z: Q R

U]

= 17 2 7 (d(Sp (i), S (i) + d(Sq(w:), Sr(w:)))

1 d(Sp(@i),Sr(@i))
> 0]

— 4 S D(E(P), K(R)).
For K(R) < K(Q) = K(P), similarly, one can draw the same conclusion. O

Example 5 Let U = {z1,22,23, 24,25} and K(P),K(Q),K(R) be three knowledge
structures induced by equivalence relations P,Q, R on K, where K(P) = {{x1,22, 23},
{1, 22, w3}, {71, w2, w3}, {wa, 5} {wa, w51}, K(Q) = {{w1, w2}, {w1, 22} {ws}, {w4, 25} {wa, w51}
and K(R) = {{z1, z2}, {x1, 22}, {ws}, {wa}, {z5}}.

It is obvious that K(R) = K(Q) = K(P). By computing the knowledge distances
among them, one can obtain that

DU(P) K(Q Q) = {11+ 1+2+0+0) = &
D(K(Q), K ))—§[§(0+0+0+1+1)]=%
D(K(P),K(R)) = 5[s(1+1+2+1+1)] = 4.

Tt is clear that D(K(P), K(Q)) + D(K(Q )K(R)):%—FQ%z%:D(K(P)J((R)),

Theorem 22 Let K(U) be the set of all knowledge structures induced by U and K(P), K(Q) €
K(U) two knowledge structures, then D(K(P), K(Q)) = DQK(P),1K(Q)).

Proof. It follows from the definition of D that
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DQK(P),1K(Q))

K
U]

[(z;U~Sp(2i)) D (@:U~Sq (i)
DL

Q‘H

XU: [(ziU~Sp(2i))U(z:iU~Sg ()| —|(2:U~Sp (z:))U(ziN~Sq (2i))]
U]

<.
o

SR
o
— =

E
:lg
(
1S

z;U(~Sp(z )UNSQ(wi))\|Z]\|($iU(~5P(Ii)ﬂNSQ(wi))|
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As a result of the above discussions and analyses, we come to the following three
corollaries.

Corollary 1 Let K(U) be the set of all knowledge structures induced by U and K (P), K(Q) €
K(U) two knowledge structures. If K(P) < K(Q), then D(K(P), K(w)) < D(K(Q), K(w)).

Proof. From the knowledge structure K(w) = {z; | z; € U} and K(P) < K(Q), one
has that {z;} C Sp(z;) C SQ(LUZ) x; € U. Therefore,

@6 _ 1 Y s
D(K(P), K (@) = iy 3 2@l _ 1 5 isetegis
e 1 Wisgeait _ 1 W iso) @il
Sl o7 2 0
= D(K(Q), K()),
ie., DK(P),K(w)) < DIK(Q), K(w). =

Corollary 2 Let K(U) be the set of all knowledge structures induced by U and K (P), K(Q) €
K(U) two knowledge structures. If K(P) < K(Q), then D(K(P), K(8)) > D(K(Q), K(9)).

Proof. Since the knowledge structure K(8) = {Sp(x;) | Sp(z;) = U,z; € U} and
K(P) = K(Q), so Sp(z;) C Sg(x;) CU, z; € U. Hence,

DIK(P)K®) = g &, B @Y — gy 57 Wicfgpten
Zﬁm Wilsgteal _ 1 U1 1ot ISa(0 I
— D(K(Q). K(5)), .
That is D(K(P), K(5)) > D(K(Q), K(5)). O

Corollary 3 Let K(U) be the set of all knowledge structures induced by U cmd K(P) a
knowledge structure on K(U), then D(K(P),K(d)) + D(K(P),K(w)) =1— |U‘

Proof. Since K(w) < K(P) < K(§), one can obtain that
D(K(P), K(9)) + D(K(P), K(w))
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Obviously, D(K(P), K(8)) + D(K(P),K(w)) =1 — ﬁ 0

Remark. Unlike information entropy and knowledge granulation, the knowledge dis-
tance can characterize the difference between two knowledge structures in knowledge
bases. From the definition of knowledge distance, it is easy to see that it is valid for
complete knowledge structures and incomplete knowledge structures. It has some poten-
tial applications. For example, based on the knowledge distance between the knowledge
structure induced by each condition attribute and the knowledge structure induced by the
decision attribute, one can construct a heuristic function to extract decision rules with
much higher certainty from a complete/incomplete decision table. Further experimental
analysis may be desirable, but it is beyond the scope of this paper.

6. Conclusions and discussions

The contributions of the paper have three hands. In this paper, by uniformly repre-
senting a complete knowledge structure and an incomplete knowledge structure, firstly,
we have proposed four operators (|J, (), ¢ and —) on a knowledge base, which can be
applied to generate new knowledge structures. For a decision problem in the context of
decision tables, these four operators can be used to extract decision rules with much
higher certainty from a given decision table. Then, in this framework of knowledge rep-
resentation proposed in this study, we have established an axiom definition of knowledge
granulation and have proved that some existing knowledge granulations are all its spe-
cial forms. The analysis shows that one can apply this axiom definition to construct a
new knowledge granulation, which can be used to restrict a new definition of knowledge
granulation according to practical demands and user requirements. Finally, we have in-
troduced the definition of a knowledge distance for calculating the difference between two
knowledge structures in the same knowledge base. Noting that the knowledge distance
satisfies the three properties of a distance space on all knowledge structures induced by
a given universe and (K(U), D) is a distance space. The knowledge distance can be used
to distinguish the difference between two knowledge structures with the same knowledge
granulation and to characterize the essence of uncertainty of knowledge structures in
knowledge bases. These results have been shown to be very helpful for knowledge dis-
covery from knowledge bases and significant for establishing a framework of granular
computing in knowledge bases.
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